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The analysis of the fully developed turbulence with the help of the binomial multiplicative process is
reinvestigated from the standpoint of Tsallis nonextensive statistics in order to provide some insight in under-
standing the underlying physical meaning of the Tsallis ensemble. The formula is derived which relates Tsallis
index q with the intermittency exponent m that is a manifestation of multifractality of the sizes of eddies. It is
shown that the probability density function of the local dissipation of turbulent kinetic energy can be repre-
sented by a distribution function of the type in Tsallis statistics with the index q determined by the experi-
mentally observable quantity m through the derived formula.
PACS number~s!: 47.27.2i, 47.53.1n, 47.52.1j, 05.90.1mThe study of fully developed turbulence was started by
Kolmogoroff @1# with dimensional analysis in order to derive
the exponent of the energy spectrum in the inertial range,
called the Kolmogoroff spectrum, i.e.,
Ek}e2/3k25/3. ~1!
Here, e is the energy input rate, and k is the wave number
representing the size of eddies in the inertial region. Within
the log-normal theory @2–4#, the Fourier transformation T of
the dissipative correlation function defines the intermittency
exponent m , i.e.,
T^e~r!e~r1l !&r}e2k23~k/K !m, ~2!
where K is the wave number corresponding to the largest
scale L, e.g., the size of the grid which produces turbulence.
The energy spectrum becomes
Ek}e2/3k25/3~k/K !2m/9, ~3!
which modifies the Kolmogoroff spectrum 5/3 to 5/31m/9.
Introduction of fractal dimensional analysis of the fully
developed turbulence was started by the b model @5#, where
it is assumed that the smaller the size of eddies, the less
space is filled with the same fractal dimension. It was further
developed by the p model @6,7# with the help of multifractal
theory. There, it was assumed that each size of eddies has its
own space filling fractal dimension. The analysis was per-
formed with the help of the binomial multiplicative process
for the energy cascade in the inertial region.
Tsallis @8# introduced the nonextensive entropy
Sq5S (
i
pi
q21 D /~12q !, ~4!
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†Electronic address: arimitsu@dnj.ynu.ac.jpPRE 611063-651X/2000/61~3!/3237~4!/$15.00to produce generalized Boltzmann-Gibbs statistics, by taking
their extreme with the constraint indicating the conservation
of probability: ( ipi51, and with the one indicating the con-
servation of q-averaged internal energy @9#: Uq
5( ipi
qEi /( jp j
q
. Then, one obtains the general form of the
probability distribution function of the Tsallis ensemble in
the form
pi5F 12 ~12q !b~Ei2Uq!(j p jq G
1/(12q)
/Z¯ q , ~5!
with the partition function
Z¯ q5(
i F 12 ~12q !b~Ei2Uq!(j p jq G
1/(12q)
. ~6!
Note that Tsallis statistics reduce to Boltzmann-Gibbs statis-
tics taking the limit q→1. Here, we are using the units where
the Boltzmann constant is unity.
It was shown @10# that the value q of the parameter ap-
pearing in Tsallis statistics is related to the extremes amax
and amin of the multifractal spectrum f d(a) by
1/~12q !51/amin21/amax . ~7!
In the derivation, this fact was used that for one-dimensional
nonlinear maps the sensitivity to initial conditions becomes
expressed as @11#
h~ t !5@11~12q !lqt#1/(12q). ~8!
Here Eq. ~8! is the solution of the time-evolution equation
dh~ t !
dt 5lqh~ t !
q
. ~9!
In this paper, we will show how the Tsallis index q is related
to the intermittency exponent m , and will try to extract a3237 ©2000 The American Physical Society
3238 PRE 61BRIEF REPORTSdeeper physical understanding of the Tsallis ensemble from
the multifractal point of view associated with the analysis of
fully developed turbulence.
Now let us remember how the intermittency is introduced
within the p model with the help of the multiplicative bino-
mial process @6,7#. By making use of the scale invariance of
the Navier-Stokes equation in the inertial range for high Rey-
nolds number limit, it was introduced the scaling exponent a
associated with the local dissipation of turbulent kinetic en-
ergy er which is averaged over a domain of size r @7#, i.e.,
er;r
a21
. Then, the total dissipation energy Er associated
with this domain size scales as Er;ra211d, where d repre-
sents the dimension of physical space @7#. The multifractal
spectrum f d(a), representing how the set with the scaling
exponent lying between a and a1da distributes, is related
to the mass exponent td(q¯ ) by the Legendre transformation
f d~a!5aq¯1td~q¯ !, ~10!
with the definition of the new variable q¯ :
d f d~a!/da5q¯ . ~11!
We use here the notation q¯ to avoid any confusion with the
Tsallis index q. Note that the mass exponent is related to the
fractal dimension Dq¯ through
td~q¯ !5~12q¯ !Dq¯1~d21 !q¯ . ~12!
The variable a is defined by the mass exponent as
a52dtd~q¯ !/dq¯ . ~13!
Let us restrict ourselves here to the analysis on the mea-
sured time series of the streamwise velocity component of an
isotropic turbulence behind grids. Then, the dimension of
physical space d will be 1 @7#. At the nth stage of the cascade
within the multiplicative binomial process model (p model!
@6#, the partition function Er ,q¯ in a box of size r;l n5dnL
(dn522n) is given by
Er ,q¯5 (
0<j<1
Nn~j!Er~j!q
¯
, ~14!
with
Nn~j!5S njn D , Er~j!5mn~j!EL , ~15!
where j5k/n (k50,1,2, ,n21) and
mn~j!5@pj~12p !12j#n. ~16!
EL is the total dissipation of turbulent energy in a box of the
largest size L. Er(j) represents the turbulent dissipation en-
ergy in a box of size r due to the eddies labeled j .
The mass exponent t(q¯ ) for the fully developed turbu-
lence is defined by Er ,q¯5EL
q¯dn
2t(q¯ )@6#. Since Eq. ~14! is cal-
culated as Er ,q¯5EL
q¯ @pq¯1(12p)q¯ #n, we have the expression
of t(q¯ ) which gives us @6#Dq¯5log2@pq
¯
1~12p !q¯ #1/(12q¯ ). ~17!
The multifractal spectrum f (j) and the exponent a(j) are
defined, respectively, through
Nn~j!5L f (j)/l n
f (j)5dn
2 f (j)
, ~18!
mn~j!5l n
a(j)/La(j)5dn
a(j)
. ~19!
Comparison of the first equation in Eq. ~15! with Eq. ~18!,
and of Eq. ~16! with ~19! give us @12#
f ~j!52@j log2 j1~12j!log2~12j!# , ~20!
a~j!52@j log2p1~12j!log2~12p !# . ~21!
It can be checked that f (j),a(j) and Dq¯ satisfy the relations
~10!–~13! for d51. For p.1/2, Eq. ~21! tells us that amin
and amax are, respectively, given by
amin5a~j51 !52log2 p5Dq¯51‘ , ~22!
amax5a~j50 !52log2~12p !5Dq¯52‘ , ~23!
with f (amin)5f(amax)50. Note that
q¯5@ ln j2ln~12j!#/@ ln p2ln~12p !# . ~24!
The intermittency exponent m for d51 is given by @7#
m522
dDq¯
dq¯
uq¯5052~a02D0!, ~25!
with a05aq¯50 and D05Dq¯50. As Eq. ~24! tells us that q¯
50 is realized by j5j051/2, we see from Eqs. ~21! and
~17! that
a052log2Ap~12p !5~amin1amax!/2, ~26!
and D051. Then, Eq. ~25! reduces to
m52log2@p~12p !#225amin1amax22. ~27!
The same result can be derived by the direct differentiation
of Eq. ~17! as it should be.
Now we will show how to derive the relation Eq. ~7!
within the p model, and then we can obtain a formula which
gives us the relation between the intermittency exponent m
and Tsallis index q.
Let us interpret the measure mn(j) by means of points
distributed according to the relation
mn~j!5Bn~j!/Bn , ~28!
where Bn(j) represents a number of points labeled j , and Bn
is the total number of points:
Bn5(
j
Nn~j!Bn~j!. ~29!
The mean distance l n(j) of Bn(j) points can be defined by
Bn~j!5l n
a(j)/l n~j!a(j)5~dn /dn~j!!a(j), ~30!
PRE 61 3239BRIEF REPORTSwhere we introduced dn(j) by l n(j)5dn(j)L . With the
help of Eq. ~19!, we see that Eqs. ~28! and ~30! reduce to
1/Bn5l n~j!a(j)/La(j)5dn~j!a(j). ~31!
This indicates that each box of size l n(j)a(j) contains one
point.
Differentiating Eq. ~31!, we have
dBn5
ln Bn
a~j!dn~j!
a(j) da~j!2
a~j!
dn~j!
a(j)11 ddn~j!.
~32!
For fixed Bn , Eq. ~32! reduces to
ddn~j!
da~j! 5
ln Bn
a~j!2
dn~j!, ~33!
which gives us
dn~j50 !/dn~j51 !5Bn
amin
21
2amax
21
, ~34!
by the integration from d(j51) to d(j50) ~from amin to
amax). On the other hand, since a(j) does not depend on Bn ,
we obtain from Eq. ~32! the time-evolution equation for
dn(j)21:
ddn~j!21
dBn
5
1
a~j!
~dn~j!
21!12a(j). ~35!
This shows how the mean distance among the points labeled
j changes as time Bn evolves. The solution of Eq. ~35! is
consistent with Eq. ~34! for Bn@1.
Changing the variable t to Bn through the relation Bn
5(12q)lqt , Eq. ~9! reduces to
dh~Bn!
dBn
5
1
12q h~Bn!
q
, ~36!
which has the same structure as Eq. ~35!. Although Eq. ~35!
describes the time-evolution of mean distances dn(j) among
the points distributed according to the measure mn(j) when
the number of points Bn are increased, Eq. ~9! or ~36! is the
time-evolution equation derived by the original nonlinear
equation which describes a real time-evolution of the system
under consideration. As was inspected in Ref. @10#, the
smallest splitting between two nearby orbits whose distance
is of the order of the minimum mean distance l n(j51)
5dn(j51)L should become at most a splitting of the order
of the maximum mean distance l n(j50)5dn(j50)L . We
put the time when this happens at Bn@1. Equating the solu-
tion ~8!
h~Bn!5dn~j50 !/dn~j51 !;Bn
1/(12q) ~37!
with ~34!, we have the relation ~7! derived in Ref. @10#. Note
that in the case of turbulence larger eddies are broken into
smaller eddies as time goes on. Here, we are investigating
the situation in the reversed time direction.
Substituting the obtained amin and amax into Eq. ~7! and
with the help of Eq. ~27!, we have the formula which relates
m and q in the form:q512
11m1log2~11A1222m!log2~12A1222m!
log2~11A1222m!2log2~12A1222m!
.
~38!
By making use of the observed value of the intermittency
exponent m50.235 @7,13# into Eqs. ~38! and ~27!, we obtain
q50.237 and p50.694.
Now we will show how Tsallis distribution function de-
scribes the probability density function of the local dissipa-
tion er of turbulent kinetic energy with the index q obtained
by the measured intermittency exponent. The probability
density function Pe(er) of the local dissipation of turbulent
kinetic energy is given by @7#
Pe~er!d~er /e!}S rL D
D02 f d(a) e
er ln~r/L !
d~er /e!
5d
n
D02 f (j) da
dj dj . ~39!
Since da/dj does not depend on j , we will inspect the prob-
ability density function PB(j;n) defined by
PB~j;n !dj5Pe~er!d~er /e!
5Zn
21@2jj~12j!12j#2ndj ~40!
based upon the binomial multiplicative process, where Zn
5*0
1dj@2jj(12j)12j#2n.
In their analysis, Meneveau and Sreenivasan @7# approxi-
mate f (j) by
f ~j!5D01~j2j0!2/~2sn2!, ~41!
with
sn
252m~da/dj!22
52n21S ln p12p D
22
ln@4p~12p !# , ~42!
which was derived by fitting Eq. ~41! at j5j15p where
d f ~a!
da ua5a151, ~43!
with a15a(j1). We see from Eqs. ~20!, ~21!, ~24!, and ~17!
that f (j1)5a15Dq¯51. Then, the probability density func-
tion reduces to the Gaussian form @7#
PG~j;n !5Zn ,G
21 exp@2~j2j0!2/2sn
2# , ~44!
which gives us ^(ln er)2&r2^ln er&r25m ln(L/r), which is the
definition of the intermittency exponent m introduced in Eq.
~2! within the log-normal model @2–4#. The partition func-
tion Zn ,G for n@1 is given by Zn ,G5A2psn .
Now, we propose that the probability density function
~40! can be well approximated by the Tsallis type distribu-
tion function of the form:
PT~j;n !5Zn ,T
21F 12S 12qn D ~j2j0!22sn2 G
n/(12q)
, ~45!
3240 PRE 61BRIEF REPORTSwith the Tsallis index q given by Eq. ~38!. For n@1, the
partition function Zn ,T satisfies Zn ,T5Zn ,G . In Fig. 1, we put
the probability density functions ~40!, ~44!, and ~45! for n
55 with the parameters q and p given below Eq. ~38!. There
is only a negligible n dependence for the difference among
these functions besides their values in logarithmic scale, i.e.,
the larger the value n, the values of the probability functions
at both ends (j50 and j51) become smaller. We see the
superiority of the Tsallis distribution function ~45! in the
analysis of the probability density ~40! of dissipative kinetic
energy within the present model.
In this paper, we succeeded in deriving formula ~38! to
determine the Tsallis index q from the experimentally ob-
servable quantity m , the intermittency exponent, and pro-
posed the explicit form ~45! of the probability density func-
tion of the local dissipative kinetic energy in turbulence.
FIG. 1. The probability density functions of the dissipation of
turbulent kinetic energy for n55. PB(j) is the one based on the
binomial multiplicative process, PT(j) on Tsallis statistics, and
PG(j) on the Gaussian approximation. They are normalized by the
peak height, and have, respectively, the smallest, middle, and the
largest values at the origin (j50). Parameters are q50.237 and
p50.694. PB(j) and PT(j) intersect each other near j50.05 and
j50.95.Reinvestigation of the data observed by experiments and nu-
merical simulations @7,13,14# based on the analysis given in
this paper is greatly required. Although the proposed prob-
ability density function PT(j;n) describes the true probabil-
ity density PB(j;n) quite accurately for all the region 0<j
<1, we do not know yet its detailed background mechanism.
In order to see the underlying dynamics supporting Tsallis
statistics ~45! in connection with multifractality, we are in-
vestigating dynamical systems whose time evolution is
driven by measure preserving maps having mn(j) as an in-
variant measure. This might give us some relationship be-
tween Eqs. ~35! and ~36!. Note that the value of the Tsallis
index q50.237 derived in this paper is very close to the
value 0.2445 @10# associated with the chaos threshold of the
logistic map. There is a possibility that the background
mechanism of the fully developed turbulence is in fact based
upon the Tsallis ensemble characterized by the probability
density function ~45! instead of Eq. ~40! which is the one
based upon the binomial multiplicative process. These future
problems will be reported elsewhere.
Let us close this paper by noting the case m50 (p
51/2) for the present model. In this case, we see that Dq¯
51, a51, and f (a)51. Therefore, the multifractal spec-
trum consists of a single point meaning that no multifractal-
ity appears. The same feature of the spectrum comes out for
the Kolmogoroff model @1# and even for the b model @5#.
Note that the latter model gives mÞ0. In these cases, the
analysis of the present paper is not applicable because Eq.
~7! has been deduced under the ~implicit! assumption of con-
tinuity of the f (a) multifractal spectrum, which is not true if
m50 @15#.
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